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1. INTRODUCTION 
A problem that arises in numerous areas of analysis and mathematical 
physics is that of determining the asymptotic behavior of solutions of equa- 
tions of the form 
L(u) = Iv) u (1) 
as t -+ co, where L is a linear operator, andf(t) is “small” in some sense. 
For example, consider the equation 
U” + u =f(t) u, (2) 
under the assumption that 
(3) 
It is not difficult to show that all solutions of (2) are asymptotically of the form 
u - 6, cos t + b, sin t, (4 
cf. [l]. 
This is a basic result, but only the beginning of the investigation of the 
asymptotic behavior of the solutions of (2). Suppose we append some initial 
conditions 
u(O) = Cl , u’(0) = c, (5) 
and ask for the dependence of S, and b, in (4) upon c, and c, . This is a funda- 
mental matching problem, one of both experimental and theoretical signifi- 
cance in a field such as scattering theory. 
The dependence has been studied in a number of different ways, cf. 
Calogero [2], Kolodner [3], Levy and Keller [4], Wing [S]. Here we wish 
to emply the theory of invariant imbedding to the problem, as in [6], and 
Wing [5]. What we wish to point out is that the direct use of the coefficients 
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b, and b, in place of the more physically interesting “amplitude” and “phase 
shift,” as in the representation. 
u(t) - u(e) cos(t - e - @I)) (6) 
when c1 = cos 0, ca = sin 8, permits a considerable simplification of the 
derivation of the basic equations. Once (4) has been obtained, (6) isreadily 
derived, and once the dependence of b, and b, upon c, and ca has been 
ascertained, that of a(e) and $(e) upon 0 can likewise be determined. 
2. INVARIANT IMBEDDING FORMULATION 
Let us imbed the original problem with initial condition t = 0 within the 
family of problems where 
U” + (1 +f(t)) u = 0, u(x) = Cl, u'(x) = c, , (1) 
with t > X. Then, as above, we may write 
24. "&l > c2 3 x) cos(t - x) + h,(c, , c, , x) sin(t - x). (2) 
The algebra is simplified a bit if we use the complex exponentials and write 
u -g(cl , c2 , x) eict-“) + h(cl , c2 , x) e-i(t-z). (3) 
Let us continue the solution of (1) an infinitesimal step in time A. We are 
using the fact, readily demonstrated that g and h are differentiable functions 
of X. It is obvious that they are linear in c1 and c2 , a result we shall return to 
subsequently. We have 
4 = Cl + $4 
c; = c2 -t (- 1 -f(x)) c&l 
(4) 
Since for t 3 x + A we have 
we have for large t 
u(t, Cl ,4 Ez u(t, c; , c;), (5) 
[g(c; , CL, x + A) eictpned) + h(c; , CL, x + A) e-i(t-“-d)] 
(6) 
- [g(cl , c2, x) eift+) + h(c, , c2, x) e-i(t-5)]. 
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It follows that 
Xc: > 4 , x+A)ei”=h(c,, q) C? ) A . 
(7) 
By expanding in powers of A, to terms in A, 
&l , cz 7 4 + A [G g - (1 +f(x)) cl E + ;] = g(cl , c2 , x) (i + id) 
&, , ~2 ,x> + A [cp $ - (1 + f(x)) cl g + g] = h(c, , c2 , x) (1 - iA). 
(f-9 
Hence, letting A -+ 0, we obtain the partial differential equations 
c,&(l +.f(f))Cl~+g:ig 
1 
c2 $ - (1 + ,f(x)) c1 $ -t g = - ih. 
1 1 
(9) 
3. ANALYTIC SIMPLIFICATION 
We now use the result pointed out above that g and h are linear in c1 
and c2 , 
g(c1 9 c2 7 4 = Cl&(4 + G&!,(x) 
h(c, , ~2, 4 = &(4 + 4,(4. 
(1) 
Using (2.9), we have 
c&(4 - (1 +mw2w + M4 + c2gx4 = i(Cl& + w2) 
(2) 
c&,(x) - (1 +f@) 4,(x) f c&(x) + c&(34 = - W, + ~$2). 
Hence equating coefficients of c1 and c2 , we have the four equations 
g; - (1 +ng2 = ig1 
g2 + 21 =ig2 
h; - (1 +-f) h, = ih, 
hi + h, = - ih, . 
(3) 
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Writing g, = eixv, , g, = eixvZ , h, = e-ixw, , h, = e@w, , we obtain the 
equations 
4 - (1 +f) 02 = 0, 
v; + VI = 0, 
(4) 
w; - (1 +f) f43 = 0, 
w; + WI = 0. 
Thus vl and w1 as functions of x satisfy the same equation that u satisfies as a 
function of t. 
4. MULTIDIMENSIONAL VERSION 
One advantage of the foregoing method over that presented in [5], lies 
in the fact that the multidimensional version of the problem can be studied 
by means of precisely the same methods. If X, an N-dimensional vector, 
satisfies the equation 
xv + (A2 + F(t)) x = 0, (1) 
where A is a positive definite matrix and j” I/ F(t) I/ dt < co, then we readily 
establish the relation 
x - eiAtbl + e-iAtb2 , (2) 
and can proceed exactly as before. 
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